
A General ANNV Family with a Common Special Kac-Moody-Virasoro
Symmetry Algebra

Heng-Chun Hua and S. Y. Loua,b

a Department of Physics, Shanghai Jiao Tong University, Shanghai, 200030, P. R. China
b Department of Physics, Ningbo University, Ningbo, 315211, P. R. China

Reprint requests to Prof. S.-Y. L.; E-mail: sylou@sjtu.edu.cn

Z. Naturforsch. 59a, 337 – 340 (2004); received December 3, 2003

A general asymmetric Nizhnik-Novikov-Veselov (ANNV) family with an arbitrary function of
high order group invariants is proposed. It is proved that the general ANNV family possesses a com-
mon infinite dimensional Kac-Moody-Virasoro symmetry algebra. The Kac-Moody-Virasoro group
invariant solutions and the Kac-Moody group invariant solutions of the ANNV family are also stud-
ied. — PACS: 02.30.Jr, 02.30.Ik, 05.45.Yv.
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1. Introduction

How to construct the exact solutions of a given non-
linear differential equation plays an important role in
soliton theory. There are many methods to obtain soli-
ton solutions of nonlinear differential equations. One
of them is the symmetry reduction method. From the
symmetries of a nonlinear differential equation one
can easily obtain many new solutions. In the study of
(2+1)-dimensional integrable models it is found that
for all the known integrable systems there is an iso-
morphic centerless Virasoro symmetry algebra ([1 – 4]
and the references therein):

[σ( f1),σ( f2)] = σ( f2 ḟ1 − f1 ḟ2), (1.1)

where f1 and f2 are arbitrary functions of a single in-
dependent variable. The dot means the derivative of
the functions with respect to their argument. In [5],
a method was established to obtain the models with
centerless Virasoro symmetry algebras. In this paper,
we are concentrated on giving a possible asymmetric
Nizhnik-Novikov-Veselov (ANNV) family

uyt + uxxxy −3uxxuy −3uxuxy + F(u) = 0, (1.2)

which possesses the same infinite dimensional Vira-
soro Lie point symmetry algebra (1.1), where

F(u) = F(u,ux,uxx, · · · ,uxnym , · · · ) ≡ F (1.3)

is an undetermined function of the field u and its any
order derivatives of x and y, but not explicitly space-
time dependent.
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2. Review on the Lie Point Symmetries and Finite
Transformations of the ANNV Equation

The Lie point symmetries and the related Kac-
Moody-Virasoro algebra of the usual ANNV equation

pt + pxxx −3(pr)x = 0, ry = px (2.1)

has been given by Tamizhmani and Punithavathi [6]
by means of the standard classical Lie symmetry ap-
proach. In fact, by the transformations r = ux and
p = uy, we obtain the one variable ANNV equation

uyt + uxxxy −3uxxuy −3uxuxy = 0. (2.2)

The equation (2.1) has been studied by Boiti et
al. [7] and solved the Cauchy problem. The variable
separable solutions are given in [8]. The Painlevé prop-
erty for equation (2.2) has been proved by Dorizzi et
al. [9].

A symmetry σ of the ANNV equation (2.2) is a so-
lution of its linearized equation

σyt +σxxxy−3σxxuy−3uxxσy−3σxuxy−3uxσxy = 0,

(2.3)

that means (2.2) is form invariant under the transfor-
mation

u → u+ εσ ,

where ε is an infinitesimal parameter.
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According to the results of [6], the full Lie point
symmetries of the ANNV equation (2.2) are the linear
combinations of the following generators

σ1(h) = h(t), (2.4)

σ2(g) = g(t)ux +
x
3

ġ(t), (2.5)

σ3( f ) = x ḟ (t)ux +3 f (t)ut +u ḟ (t)+
x2

6
f̈ (t), (2.6)

σ4(l) = l(y)uy, (2.7)

where f , g, h are arbitrary functions of t and l is an
arbitrary function of y. The nonzero commutation rela-
tions among (2.4), (2.5), (2.6) and (2.7) are given by

[σ3( f1),σ3( f2)] = 3σ3( f1 ḟ2 − ḟ1 f2), (2.8)

[σ3( f ),σ2(g)] = σ2(3 f ġ−g ḟ ), (2.9)

[σ3( f ),σ1(h)] = σ1(3 f ḣ+ h ḟ ), (2.10)

[σ2(g1),σ2(g2)] =
1
3

σ1(g1ġ2 −g2ġ1), (2.11)

[σ4(l1),σ4(l2)] = σ4(l1 l̇2 − l2l̇1). (2.12)

From (2.8) and (2.12) we know that the subalgebra
constituted by σ2 and/or σ4 is just the Virasoro alge-
bra (1.1).

The general finite transformation related to the sym-
metries (2.4) – (2.6) can be proven in the following the-
orem:

Theorem 1. If u = u(x,y,t) is a solution of the ANNV
equation (2.2), then

u′ = τ
1
3

t u(ξ ,η ,τ)+
∫

τ
1
3

t h(t)dt +
1

18
τtt (

∫
k(t)dt)2

τt

+
1
3

k(t)
∫

k(t)dt − 1
3

∫
k(t)2dt +

1
9

xτtt
∫

k(t)dt
τt

+
1
3

xk(t)+
1
18

x2τtt

τt
, (2.13)

where

ξ =
(∫

k(t)dt + x

)
τ1/3

t , η = η(y), τ = τ(t), (2.14)

and {τ = τ(t),h = h(t),k = k(t),η = η(y)} are all ar-
bitrary functions of the indicated variable respectively,
is also a solution of the ANNV equation (2.2).

We omit the detailed proof of the theorem because
it can be directly verified by substituting (2.13) into
(2.2).

3. An ANNV Family with a Common Kac-Moody-
Virasoro Symmetry Algebra

In this section, we look for the possible equa-
tions which possess the same symmetries (2.4) – (2.6)
and the same Kac-Moody-Virasoro symmetry algebra
(2.8) – (2.11).

3.1. Models with the Symmetry (2.6)

The symmetry equation of (1.2) has the form

σyt + σxxxy −3σxxuy −3uxxσy −3σxuxy

−3uxσxy + F ′σ = 0,
(3.1)

where F ′ is the linearized operator of F defined by

F ′G = lim
ε→0

∂
∂ε

F(u+ εG) (3.2)

for an arbitrary function G. Substituting (2.6) into (3.1)
and eliminating uyt from (1.2) yields

F ′(x ḟ ux)− x ḟ F ′ux + 3F ′( f ut)−3 f F ′ut

−4 ḟ F + F ′(u ḟ +
1
6

x2 f̈ ) = 0.
(3.3)

According to the definition of the function F (1.3) and
its linearized operator F ′ (3.2), we have

F ′ = ∑
n,m

∂F
∂uxnym

∂n+m

∂xn∂ym , n,m ≥ 0. (3.4)

The substitution (3.4) into (3.3) gives

∑
n,m

ḟ
(n+ 1)∂F

∂uxnym
uxnym

+
1
6

f̈

[
2

∂F
∂uxx

+ 2x
∂F
∂ux

+ x2 ∂F
∂u

]
= 4 ḟ F.

(3.5)

Under the f -independent requirement and the au-
tonomous condition of F , (3.5) is equivalent to the
equations

∂F
∂u

= 0,
∂F
∂ux

= 0,
∂F

∂uxx
= 0, (3.6)
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∑
n,m

(n+ 1)
∂F

∂uxnym
uxnym = 4F. (3.7)

The general solution of (3.6)-(3.7) reads

F = u2
xyF1(vnm,n,m = 0,1,2, · · ·)

≡ u2
xyF1,

(3.8)

vnm = vn,m

≡ (1− δn0δ0m − δn1δ0m − δn2δ0m)

·uxnym u−(n+1)/2
xy ,

(3.9)

where

δnm =
{

0 n 	= m
1 n = m

.

In summary, it has been proven that the equation

uyt + uxxxy −3uxxuy −3uxuxy

+ u2
xyF1(vnm,n,m = 0,1,2, · · ·) = 0

(3.10)

with an arbitrary function of vnm possesses a common
Virasoro symmetry algebra (2.6).

3.2. Models with the Symmetry (2.5)

Substituting (2.5) into (3.1) gives

guxyt + guxxxxy −6guxxuxy −3guxxxuy

−3guxuxxy + F ′(gux +
x
3

ġ) = 0.
(3.11)

Then eliminating uyt from (1.2), we obtain

F ′(gux +
1
3

xġ)−gF ′ux = 0. (3.12)

From (3.4) and (3.12) follows

∂F
∂ux

+ x
∂F
∂u

= 0. (3.13)

The general autonomous solution of (3.13) reads

F = F2 ≡ F2((1− δn0δ0m − δn1δ0m)uxnym ,

{n,m} = 0, 1, 2, . . .). (3.14)

Obviously, F = u2
xyF1(vnm,n,m = 0, 1 , 2, · · ·) shown

by (3.8) is only a special case of F2 of (3.14).

3.3. Models with the Symmetry (2.4)

Substituting (2.4) into (3.1) and eliminating u yt from
(1.2) yields

F ′h = 0. (3.15)

Substituting (3.4) into (3.15) gives

∂F
∂u

= 0. (3.16)

It is clear that the general solution of (3.16) has the
form

F = F3(uxnym ,n,m = 0,1,2, · · · ,

{n,m} 	= {0,0}), (3.17)

and (3.8) is a special case of (3.14) and/or (3.17). In
other words, the general ANNV family

uyt + uxxxy −3uxxuy −3uxuxy

+ u2
xyF1(vnm,n,m = 0, 1, 2, · · · ) = 0

(3.18)

possesses not only the Virasoro symmetry algebra (2.8)
but also the Kac-Moody-Virasoro symmetry algebra
constructed by σ1(h), σ2(g), σ3( f ).

4. Group Invariant Solutions of the ANNV
Family

To find group invariant solutions of a given system
means to find the solutions which are solutions of not
only the original model but also the symmetry con-
strained condition σ = 0. Because (3.18) possesses a
common Kac-Moody-Virasoro symmetry algebra con-
stituted by σ1 − σ3, in this section we only consider
the possible similarity reductions related to the sym-
metries σ1 −σ3. If the field u satisfies either the model
equation or the symmetry constrained condition

σ1(h)+ σ2(g)+ σ3( f ) = 0 (4.1)

with {σ1(h),σ2(g),σ3( f )} being given by (2.4), (2.5),
(2.6), then the solution is invariant under the Kac-
Moody-Virasoro group transformations. The symme-
try constrained equation (4.1) can be solved easily be-
cause it is a linear equation and one can obtain the so-
lutions by solving the characteristic equation.



340 H.-C. Hu and S. Y. Lou · A General ANNV Family

We consider two cases
Case (i): f 	= 0.

For the full Kac-Moody-Virasoro symmetry algebra,
f 	= 0, the general solution of (4.1) reads

u =
U(ξ1,ξ2)

9 f 1/3
− xg

9 f
+

1

27 f 1/3

∫ g2

f 5/3
dt

− ḟ x2

18 f
+

1
3

1

f 1/3

∫ h

f 1/3
dt,

(4.2)

where

ξ1 = y,

ξ2 =
3x

f 1/3
− ∫ g

f 4/3
dt,

while the invariant solution, U(ξ1,ξ2) ≡U , should be
determined by

27Uξ1ξ2ξ2ξ2
−3Uξ2

Uξ1ξ2
−3Uξ1

Uξ2ξ2

+U2
ξ1ξ2

F1

(
3(3n−3)/2Uξ n

2 ξ m
1

U−(n+1)/2
ξ1ξ2

)
= 0.

Case (ii): f = 0.

For the Kac-Moody symmetries, f = 0, the general so-
lution of (4.1) has the form

ξ1 = t,

ξ2 = y,

u =
U(ξ1,ξ2)

g
− x2

6
ġ
g +

xh
g

.

The similarity solution, U(ξ1,ξ2) ≡ U , should satisfy
a wave equation

Uξ1ξ2
= 0.

5. Summary and Discussion

In summary, starting from the Kac-Moody-Virasoro
symmetry of the usual ANNV equation and using a
new symmetry approach proposed for the KP equa-
tion [5], a general ANNV family (3.18) is found
such that the family possesses the same Kac-Moody-
Virasoro symmetry algebra. An arbitrary function of
the higher order group invariants is included in the
family. Using the common symmetry algebra, the sim-
ilarity reductions of the general ANNV system are ob-
tained via the standard group approach.

From the general ANNV family (3.18), we know
that in addition to the ANNV equation itself, one may
obtain various models in the family that are rational
in the derivatives, say, by selecting F1 of (3.18) be-
ing a rational function function of v2k+1,m, v2k,mv2l,p,
k, l = 1,2, . . ., m = 0,1,2, . . . etc. Though we have
found many arbitrary order equations which possess
the same Lie point symmetry groups of the KP equa-
tion [5] and the ANNV equation, we have not yet found
any new integrable systems. How to find possible sig-
nificant models (significant both in integrable theory
and in real physical applications) from the equation
families which possess common generalized Virasoro
symmetry algebra should be studied in future.
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